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∂2C
∂K2
(x, t, T,K).
ADkH¥|r%~·Hww¥¤q:~vwyiOkjs0fh~a¶s~(r0zdHuÇ~ws0z|~uhr¹½
ADk·wy~?tktktºr+³´~¥¤¥|~ §r¹½¾u!p?ktjs0z|~uºÇ§¨k:ykt H¥¤¥Br~iOk:uh~s%Hs0z|~uº~uÅs0fhk¯nH¥¤¥¤zdt¦?z¤u
 H¥|jvw¥¤vhr¶~u s0fhk1A z|kjuhkjy¯r3tkHuh ~u r0s~?f3r0s0z| H¥|jvw¥¤vhr¯³´~y"ªvwi wy~?tktrrktr ½ ¾u
p?ktjs0z|~uºÇ§¨k1ykj¦az|kj§Ès0fhk1t~iwvws%Hs0z|~u!~H³
Thetat
¦?zds0fhk:Ê©¥dËa«ªp?fh~¥|ktr}ÌÁ<» z¤uÅs0fhk
²vwi[«¬[z®­
vhr0z|~u! rk¯vhr0z¤uwÄs0fhkÇÍ(yktkjË[rOÁ<kj¥¤s%ÄHuhÍ7Hii·[BHuh¼s0fhk¶t~iwvws%Hs0z|~u ~H³
ThetaT
¦azd"s0fhk7Á(vwwz¤yk}ÌÁ<»¼³´~y»8vwy~
k HuÇ~ws0z|~uhrz¤ut~u-s0z¤uavh~vhri·Hy0Ëkjs ½ ADk<uh~sk
s0f3Hs"s0fh~Rrkykjwyktrkjuas%Hs0z|~uhr)³\~y0i"vw¥dr"[z®­Ïkjyz¤uÅkjuhkjy%H¥Ì³\y~i s0fhk·~uhk·~ws%Hz¤uhkt z¤uÅs0fwz|r
3H
kjy ½¬u¶p?ktjs0z|~u
 havhr0z¤uw"s0fhknH¥¤¥¤zdt¦?z¤u: H¥|jvw¥¤vhr a§¨k(~ws%Hz¤u¶Hu1k±°[wyktrr0z|~u1~H³
ThetaTz¤uÇ<ªvwi[«¬[z®­
vhr0z|~uiO~?wkj¥Ï§fwz|fW3z¤us0fhk<s0z¤iOk7fh~iO~kjuhkt~vhr( rkRwyk wr
Theta = e−τrE
[
Λτ (u, v, w)φ(Sτ ) +
∫ +∞
−∞
(φ(Sτ + c(Sτ )y) − φ(Sτ ))µ(dy)
]
,
§z¤s0f¯Hy0wz¤s0y%Hy0qO3tq~H­¶³\vwuhjs0z|~u
φ(·) Huh S0 = x ½@kjykR Λτ (u, v, w) z|r©7y%Huhw~iÈ§¨kjz¤Rfas§fwz|%f+z|rWk±°[w¥¤z|jz¤s0¥¤q<t~iwvwsktÏ
µ(dx)
Huh
c(·) Hyk8yktr0
ktjs0z¤¦kj¥¤q@s0fhk@µ :huwz¤sk¹¸ BWxj¦?q@iOk rvwykHuh"s0fhk©¦~¥dHs0z¤¥¤z¤s¬q)t~ak4·jz|kjuasÌ~H³3s0fhk¨t~i
~vwuh}~z|r%r~uwy~atktrr[y0z¤¦?z¤uw
(St)t∈R+
½(r#z¤u
 #î   
 	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;  >¬ ;í >¬[[z®­Ïkjykju-s0zdHs0z|~uz|r©
kjy²³\~y0iOkt¯~uw¥¤qO§z¤s0f¯yktr0
ktjsBs~+s0fhk<Ê©y~ §uwzdHut~i
~uhkju-s~H³
s0fhk@wy0z|tk(wy~atktr%r ½8eBfhk7HL~¹¦k(k±°[wyktrr0z|~u:z|r©z¤uhwkjLkjuhwkjuas~H³ s0fhk@³Jvwuhjs0z|~u3H¥
3Hy%HiOkjskjyr
u, v, w
ÌHuhDz¤uºp?ktjs0z|~u¼§¨k:wkjskjy0iz¤uhk·s0fhk·3Hy%HiOkjskjyr)qaz|kj¥|[z¤uws0fhkO
ktr0s+uavwiOkjy0z| H¥

kjy²³´~y0i·Huhtk-qiz¤uwz¤iz¤À¹Hs0z|~u¶~H³Ïs0fhk¦RHy0zdHuhtk(~H³
s0fhk§¨kjz¤Rfas
Λτ (u, v, w)
hHuh :huh·s0f3Hs
s0fwz|rOiz¤uwz¤i+vwi z|r·Hs0s%Hz¤uhkt!§fhkju
u, v, w
HykÇt~uhr0s%Hu-s·³Jvwuhjs0z|~uhr ½ @rzdHu!~ws0z|~uhr1Hyk
t~uhrz|wkjyktºz¤u p?ktjs0z|~u [½ paz¤i"vw¥dHs0z|~uhrO³´~yO[z¤Rz¤s%H¥@Huh!»Ìvwy~Lk Hu~ws0z|~uhr¹¨vhrz¤uwÄs0fhk
n~u-sk BHy0¥|~iOkjs0fh~aÏHyk7wyktrkju-sktz¤up?ktjs0z|~u1<"s~Ot~i3Hyk7s0fhkLkjy²³´~y0i·Huhtk~H³s0fhk
:huwz¤sk·[z®­
kjykjuhtkiOkjs0fh~?Äs~¯s0f3Hs+~H³Bs0fhkOnH¥¤¥¤zdt¦?z¤u  H¥|jvw¥¤vhr"Hwwy~%fW½·¥|~a H¥¤z¤À¹Hs0z|~u
Hwwy~%fÄz|rwyktr%kju-sktz¤uÄp?ktjs0z|~uD·s~·ykt[vhtk)s0fhk)r0z¤uwRvw¥dHy0z¤s¬qÆL~z¤uasr<wfhkjuh~iOkjuh~uÄ~u
s0fhk7rz¤i+vw¥dHs0z|~uÇRy%Hwfhr¹½
  B	
¾uDs0fwz|r)rktjs0z|~u §©k·ykt H¥¤¥©r~iOk³ÝjsrHuhDuh~s%Hs0z|~u¼~u s0fhk·nH¥¤¥¤zdt¦?z¤u¼ H¥|jvw¥¤vhr"~uÅs0fhk
A z|kjuhkjyBr03tkRa±³#kR½ h½ ;FE >¬?Huh:~u:rs~a%f3r0s0z|@ H¥|jvw¥¤vhr©§z¤s0f)²vwihr ar%ktkkR½ h½ÌHuh1;í >³´~y
)ykttkjuasz¤uas0y~a[vhjs0z|~uÆ§z¤s0fyk±³\kjykjuhtktr¹½CADk7§¨~y0Ë¶~uÇwy~?[vhjs
(Ω, P ) = (ΩW × ΩX , PW ⊗ PX)
~H³#wy~3Hwz¤¥¤z¤s¬q¶r03tktr~u¶§fwz|%fÇHyk<yktr0Lktjs0z¤¦kj¥¤q¯wk:huhkt)r0s%HuhhHyÊ©y~ §uwzdHuÇiO~s0z|~u
(Wt)t∈R+
Huht~iL~vwuh}#~z|rr~uÇwy~atktrr
(Xt)t∈R+
z¤uhwkjLkjuhwkjuas~H³
(Wt)t∈R+
[§z¤s0f
B xj¦aq:iOk r0vwyk
µ(dy)
Huh :huwz¤sk7z¤uaskjuhr0z¤s¬q
λ =
∫ ∞
−∞
yµ(dy),
§fwz|%fÇ Hu
k<ykjwyktrkju-sktr
Xt =
Nt
∑
k=1
Uk, t ∈ R+,
µ´[½FE¹¸
§fhkjyk
(Nt)t∈R+
z|r(}#~z|rr~uwy~?tktrr§z¤s0fz¤u-skjuhr0z¤s¾q
λ
Huh
(Uk)k≥1
z|rHuzÝ½ zÝ½ÃÏ½#rkt{avhkjuhtk
~H³8y%Huhw~i ¦Hy0zdHw¥|ktr@§z¤s0fÇwy~3Hwz¤¥¤z¤s¾qÇ[z|r0s0y0z¤wvws0z|~u
ν(dx) = λ−1µ(dx)
½ ADk"wkjuh~sk-q
(Ft)t∈R+
s0fhk :h¥¤s0y%Hs0z|~ukjuhkjy%Hsktaq
(Wt, Xt)t∈R+
½
ADk:t~uhr0z|wkjyRy%[z|kju-s·Huh¼[z¤¦kjy0kjuhtk¶~
kjy%Hs~yr
D
Huh
δ
js0z¤uwÄ~u s0fhk¯t~uas0z¤u-vh~vhr
t~i
~uhkju-s1~H³¿²vwi[«¬[z®­Lvhr0z|~uy%Huhw~i ³Jvwuhjs0z|~u3H¥|r¹½ B kjs
D : L2(Ω) → L2(Ω × R+)wkjuh~sks0fhk·µJvwu-
~vwuhwkt3¸nH¥¤¥¤zdt¦?z¤uRy%[z|kju-s(~us0fhkA z|kjuhkjyr03tkR[zÝ½ÃkR½
DtF (ωW , ωX) =
n
∑
k=1
1[0,tk](t)∂kf(Wt1 , . . . ,Wtn , ωX)
îî ëHJILK±õLM
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³´~y
F
)y%Huhw~i ¦RHy0zdHw¥|k~H³s0fhk<³´~y0i
F (ωW , ωX) = f(Wt1 , . . . ,Wtn , ωX),
§fhkjyk
f(·, ωX) ∈ C∞b (Rn)

PX(dωX)
«¾[½Ãr¹½¤Wz|r<vwuwz®³´~y0i¥¤q
~vwuhwktÄ~u
ΩX
½Á<kjuh~sk-q
〈·, ·〉L2(R+)
Huh ‖ · ‖ s0fhkr H¥dHywy~?[vhjs@Huh¯uh~y0i z¤u L2(R+) 3Huhwk:huhk
DuF = 〈u,DF 〉, u ∈ L2(Ω × R+).
B kjs
In(fn)(ωW , ωX) = n!
∫ ∞
0
· · ·
∫ t2
0
fn(t1, . . . , tn, ωX)dWt1 · · · dWtn
wkjuh~sk@s0fhk@i+vw¥¤s0z¤w¥|k<r0s~?f3r0s0z|@z¤u-skjRy%H¥W~H³Ws0fhk(r0q?iiOkjs0y0z|³\vwuhjs0z|~u
fn ∈ L2(Rn+ ×ΩX)§z¤s0fÇyktr0Lktjss~·Ê¨y~¹§uwzdHuÇiO~s0z|~u
(Wt)t∈R+
½Ìkt H¥¤¥Ïs0f3Hs§©k7f3t¦k
DtIn(fn) = nIn−1(fn(·, t, ωX)), t ∈ R+,
Huhs0fhk<z|r~iOkjs0y0q:³\~y0i"vw¥d
E[In(fn)Im(gm)] = n!1{n=m}E[〈fn, gm〉L2(Rn
+
)].
@u-q
F ∈ L2(ΩW × ΩX) ' L2(ΩW ;L2(ΩX))
[iz¤srÇ%f3~Rrwktt~iL~Rrz¤s0z|~u¼~H³s0fhk
³´~y0i
F = E[F ] +
∞
∑
n=1
In(fn),
µ´[½í¸
§fhkjyk
fn ∈ L2(Rn+ × ΩX)

n ≥ 1 HuhÇs0fhkw~i·Hz¤u Dom (D) ~H³ D t~uhr0z|r0srz¤us0fhk+r%kjs~H³#³\vwuhjs0z|~u3H¥|r
F
§y0z¤s0skjuÆr+µ´[½í¸Huhr%Hs0z|r²³\qaz¤uw
E
[ ∞
∑
n=1
n!n‖fn‖2L2(Rn
+
)
]
< ∞.
¾u+s0fhk¨rkt{avhkj¥-§¨k¨§z¤¥¤¥?kjuhkjy%H¥¤¥¤q+[y~"s0fhk¿z¤uh[z|tktr
ωW

ωX
½ eBfhk<µJvwu-
~vwuhwkt3¸ [z¤¦kjy0kjuhtk
~
kjy%Hs~y
δ : L2(Ω × R+) → L2(Ω)
H²~z¤uas+~H³
D
 H¥|r%~¶ H¥¤¥|kts0fhk1paË~y~fh~aDz¤u-skjRy%H¥Ý
r`Hs0z|r:3ktrs0fhk7[v3H¥¤z¤s¬q¶ykj¥dHs0z|~u
E[〈DF, u〉] = E[Fδ(u)], F ∈ Dom(D), u ∈ Dom(δ),
Huhs0fhk7[z¤¦kjy0kjuhtk7³´~y0i+vw¥d
δ(uF ) = Fδ(u) − DuF, u ∈ Dom(δ), F ∈ Dom (D),
µ´[½í¸
 #î   
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§fwz|%fr0fh~¹§rs0f3Hs
uF ∈ Dom(δ) wy~¹¦az|wkt uF ∈ L2(Ω × R+) Huh¼s0fhk¶y0z¤Rf-s²«Ýf3Huhrz|wk
kj¥|~uwr@s~
L2(Ω)
½@kt H¥¤¥#H¥|r~1s0f3Hs
δ
t~z¤uhjz|wktr@§z¤s0f¾s@wÂÃr@r0s~?f3rs0z|z¤u-skjRy%H¥8~u
r%{-v3Hyk±«Ýz¤uaskjRy%Hw¥|k"hHwsktwy~?tktrrktr¹[z¤u¶3Hy0s0z|jvw¥dHy
δ(u) =
∫ ∞
0
utdWt
³´~yH¥¤¥ hHwsktÆHuhÇr{-v3Hyk±«Ýz¤uaskjRy%Hw¥|kwy~?tktrr
(ut)t∈R+
hHuh
δ(u) = I1(u), u ∈ L2(R+).
¾u!s0fhkÆrkt{-vhkj¥§¨k§z¤¥¤¥(t~uhr0z|wkjy¶ÄnHy0Ë~¹¦azdHuÅ²vwi[«¬[z®­Lvhr0z|~u wy0z|tkwy~?tktrr
(St)t∈R+Rz¤¦kjuÇ-q



dSt = at(St)dt + bt(St)dWt + ct(St−)dXt,
S0 = x,
§fhkjyk
at(·)

bt(·)

ct(·)
Hyk C1 BÏz¤hr%fwz¤s0À+³\vwuhjs0z|~uhr vwuwz®³\~y0i¥¤q¶z¤u t ∈ [0, T ]  T > 0 ½¾us0fhk rk~H³W<s0z¤iOkfh~iO~kjuhkt~vhr¨kt~iOkjs0y0z|iO~?wkj¥3vwuhwkjyÌs0fhky0z|r0Ëuhkjvws0y%H¥3iOk r0vwykR-s0fhk
t~?k4·jz|kju-sr
a(·)  b(·) Huh c(·) §z¤¥¤¥WLk<Rz¤¦kjuÇ-q











a(y) = y(r − λη(y)),
b(y) = yσ(y),
c(y) = yη(y),
§fhkjyk
r
Huh
σ(·)  η(·) ykjwyktrkjuas:s0fhkz¤uaskjyktr0s¯y%HskR@Huh s0fhkt~uas0z¤u-vh~vhrÇHuh ²vwi¦~¥dHs0z¤¥¤z¤s¾q¯³Jvwuhjs0z|~uhr¹½
¾s@wÂÃrB³´~y0i+vw¥d)³´~y
(St)t∈R+
yk wr
φ(St) = φ(Ss) +
∫ t
s
φ′(Su)au(Su)du +
∫ t
s
φ′(Su)bu(Su)dWu
+
1
2
∫ t
s
φ′′(Su)b
2
u(Su)du +
∑
s<u≤t
(φ(Su− + cu(Su−)∆Xu) − φ(Su−)) ,
0 ≤ s ≤ t hHuhqaz|kj¥|wr
E[φ(St)] = E[φ(Ss)] + E
[∫ t
s
φ′(Su)au(Su)du
]
+
1
2
E
[∫ t
s
φ′′(Su)b
2
u(Su)du
]
îî ëHJILK±õLM
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+λE
[∫ t
s
∫ +∞
−∞
(φ(Su + zcu(Su)) − φ(Su))ν(dz)du
]
.
µ´[½  a¸
3~yk±°wHiw¥|kRhz®³
Xt = a1N
1
t + · · · + adNdt , t ∈ R+,
µ´[½í¸
§fhkjyk
(Nkt )t∈R+

k = 1, . . . , d
BHykz¤uhwkjLkjuhwkjuas1}#~z|rr~uwy~?tktrrktrO§z¤s0f!yktr0
ktjs0z¤¦k
z¤uaskjuhr0z¤s0z|ktr
λ1, . . . , λd
[§¨k+f3t¦k
λ = λ1 + · · · + λd
Huh
ν(dx) =
λ1
λ
δa1(dx) + · · · +
λd
λ
δad(dx),
Huh
E[φ(St)] = E[φ(Ss)] + E
[∫ t
s
φ′(Su)au(Su)du
]
+
1
2
E
[∫ t
s
φ′′(Su)b
2
u(Su)du
]
+
d
∑
k=1
λkE
[
∫ t
s
(φ(Su + akcu(Su)) − φ(Su))du
]
, 0 ≤ s ≤ t.
¾u¶s0fhk<¥¤z¤uhk Hy@ r%k<§¨k7¥|kjs











a(y) = (r − λη)y,
b(y) = σy,
c(y) = ηy,
Huhkjs



dSs = rSsds + σSsdWs + ηSs−(dXs − λds),
S0 = x,
µ´[½í¸
§z¤s0fÆr~¥¤vws0z|~u
St = x exp
((
r − λη − σ
2
2
)
t + σWt
)
∏
0<s≤t
(1 + η∆Xs), t ∈ R+.
µ´[½=<R¸
¬³
(Xt)t∈R+
f3rs0fhk(³´~y0i µ´[½í¸©§¨k+~ws%Hz¤u
St = x exp
((
r − λη − σ
2
2
)
t + σWt
)
(1 + ηa1)
N1t · · · (1 + ηad)N
d
t , t ∈ R+.
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Theta
¾u:s0fwz|r©r%ktjs0z|~u:§©k(y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Thetat
Huh
ThetaT
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z¤uwy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 ©~uhr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φ
Huh¶wy0z|tk
C(x, t, T ) = e−
R T
t
rsdsE
[
φ(ST )
∣
∣
∣St = x
]
.
paz¤uhtk
t 7→ e
R T
t
rsdsC(St, t, T )
z|r8i·Hy0s0z¤uw-H¥|kRR³Jy~i µ´[½  a¸±
C(x, t, T )
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:3ktrs0fhk©Ê©¥d%Ë-«
p?%fh~¥|ktr}ÌÁ<»
Thetat =
∂C
∂t
(x, t, T )
µ´[½FE¹¸
= rtC(x, t, T ) − at(x)
∂C
∂x
(x, t, T ) − 1
2
b2t (x)
∂2C
∂x2
(x, t, T )
−λ
∫ +∞
−∞
(C(x + zct(x), t, T )) − C(x, t, T ))ν(dz),
§z¤s0f
Delta =
∂C
∂x
(x, t, T ) = e−
R T
t
rsdsE
[
YT φ
′(ST )
∣
∣
∣
St = x
]
,
µ´[½í¸
§fhkjyk
(Yt)t∈R+ = (∂xSt)t∈R+
z|rs0fhk:hyr0s¦Hy0zdHs0z|~uÆwy~atktr%rr~¥¤vws0z|~uÆ~H³



dYt = a
′
t(St)Ytdt + b
′
t(St)YtdWt + c
′
t(St−)Yt−dXt,
Y0 = 1,
Huh
Gamma =
∂2C
∂x2
(x, t, T ) = e−
R T
t
rsdsE
[
ZT φ
′(ST ) + (YT )
2φ′′(ST )
∣
∣
∣
St = x
]
,
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§fhkjyk
(Zt)t∈R+ = (∂
2
xSt)t∈R+
z|rs0fhk+r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a′t(z)
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Yt
Huh
Zt
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s0fhk7k±°[wyktrr0z|~u µ´[½í¸©z|rykj§y0z¤s0skjur
Delta =
∂C
∂x
(x, t, T ) =
e−
R T
t
rsds
T − t E
[
φ(ST )
∫ T
t
Ys
bs(Ss)
dWs
∣
∣
∣St = x
]
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ST ∈ Dom(D)
z¤u skjy0iOr~H³s0fhk
:hyrs¦Hy0zdHs0z|~uwy~?tktrrr?D
Ys
bs(Ss)
Dsφ(ST ) = YT φ
′(ST ), 0 ≤ s ≤ τ, a.s.,
µ´[½í¸
±³0½ ;FE  >¬½º¬u¼s0fhk¯uhk±°[sOrktjs0z|~u!§©k¶wyktr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ThetaT
-q z¤u-skjRy%Hs0z|~u
aqÇ3Hy0sr<§fwz|%fWÏz¤us0fhks0z¤iOk"fh~iO~kjuhkt~vhr" rkR
q?z|kj¥|wr<:[z®­Ïkjykju-sykjwyktr%kju-s%Hs0z|~uÄ³´~y
Thetat = −ThetaT
½#¾s¨w~?ktr¨uh~s©[z¤yktjs0¥¤qOvhr%ks0fhk.:hyrsBHuh1rktt~uh·¦RHy0zdHs0z|~u:wy~atktrr%ktr 
Huhz¤ua¦~¥¤¦ktr~uw¥¤qÇkj¥|kjiOkju-s%Hy0q1A z|kjuhkjy7z¤u-skjRy%H¥|r7~H³©wkjskjy0iz¤uwz|r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¾s@r0s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Î@us0fhk+~s0fhkjy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§z¤s0f
ct(·) = 0

at(y) = αty
[§z¤s0fÇ3tq~H­³Jvwuhjs0z|~u
φ(x) = (x − K)+ hHuh¶wy0z|tk
C(x, t, T,K) = e−
R T
t
rsdsE[(ST − K)+ | St = x],
Á(vwwz¤ykRÂÃr³\~y0i"vw¥d ;í > yk wr
bT (K) =
√
√
√
√
√
√
2
(rT − αT )C +
∂C
∂T
+ KrT
∂C
∂K
K2
∂2C
∂K2
§fhkjyk ∂C
∂T
(x, t, T,K)
t~z¤uhjz|wktr§z¤s0f
ThetaT
½Ì¾u~s0fhkjyskjy0iOr 
ThetaT =
∂C
∂T
(x, t, T,K)
µ´[½í¸
= (αT − rT )C(x, t, T,K) +
K2b2T (K)
2
∂2C
∂K2
(x, t, T,K) − KαT
∂C
∂K
(x, t, T,K),
§fhkjyk −∂
2C
∂y2
(x, t, T, y)
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dP (ST = y | St = x)/dy
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[0, T ]
8[z®­Ïkjy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R
½8eBfhk<t~iwvws%Hs0z|~uÇ~H³
ThetaT
wyktrkjuas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kjw¥djz¤uwÆz¤u-skjRy%Hs0z|~u
aqÅ3Hy0s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R
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ThetaT
 ©~uhrz|wkjy@Hu~ws0z|~uÇ§z¤s0f3 q~H­³Jvwuhjs0z|~u
φ
Huh¶wy0z|tk
C(x, t, T ) = e−
R T
t
rsdsE
[
φ(ST )
∣
∣
∣St = x
]
.
ThetaT
 Hu
kHwwy~t°[z¤i·HsktÇaq:huwz¤sk[z®­Ïkjykjuhtktr@r
ThetaT =
C(x, t, (1 + ε)T ) − C(x, t, (1 − ε)T )
2Tε
.
µ	 h½FE¹¸
@¥¤skjy0u3Hs0z¤¦kj¥¤qÏs0fhkwkjy0z¤¦RHs0z¤¦k§z¤s0fyktr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T
 Hu
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 ©~uhr0z|wkjy
(Sxt,s)s∈[t,∞)
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vhr0z|~uÆkt{av3Hs0z|~u



dSxt,s = as(S
x
t,s)ds + bs(S
x
t,s)dWs + cs(S
x
t,s−)dXs,
Sxt,t = x.
µ	 h½í¸
m(r0z¤uwO¾s@wÂÃrB³´~y0i+vw¥dOHuh µ´[½  a¸B§¨k7f3 ¦kD
C(x, t, T ) = e−
R T
t
rsdsE
[
φ(Sxt,T )
]
= φ(x) − E
[
∫ T
t
rse
−
R s
t
rpdpφ(Sxt,s)ds
]
+E
[∫ T
t
e−
R s
t
rpdpφ′(Sxt,s)as(S
x
t,s)ds
]
+ E
[∫ T
t
e−
R s
t
rpdpφ′(Sxt,s)bs(S
x
t,s)dWs
]
+
1
2
E
[
∫ T
t
e−
R s
t
rpdpφ′′(Sxt,s)b
2
s(S
x
t,s)ds
]
+λE
[∫ T
t
e−
R s
t
rpdp
∫ +∞
−∞
(φ(Sxt,s + zcs(S
x
t,s)) − φ(Sxt,s))ν(dz)ds
]
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= φ(x) −
∫ T
t
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−
R s
t
rpdpE
[
φ(Sxt,s)
]
ds +
∫ T
t
e−
R s
t
rpdpE
[
φ′(Sxt,s)as(S
x
t,s)
]
ds
+
1
2
∫ T
t
e−
R s
t
rpdpE
[
φ′′(Sxt,s)b
2
s(S
x
t,s)
]
ds
+λ
∫ T
t
e−
R s
t
rpdpE
[
∫ +∞
−∞
(φ(Sxt,s + zcs(S
x
t,s)) − φ(Sxt,s))ν(dz)
]
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ThetaT
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ThetaT =
∂
∂T
(
e−
R T
t
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[
φ(Sxt,T )
]
) µ	 h½í¸
= −rT e−
R T
t
rpdpE
[
φ(Sxt,T )
]
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R T
t
rpdpE
[
φ′(Sxt,T )aT (S
x
t,T )
]
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1
2
e−
R T
t
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[
φ′′(Sxt,T )b
2
T (S
x
t,T )
]
+λe−
R T
t
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[
∫ +∞
−∞
(φ(Sxt,T + zcT (S
x
t,T )) − φ(Sxt,T ))ν(dz)
]
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ThetaT
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φ
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ky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φ′(Sxt,T ) =
Duφ(S
x
t,T )
DuSxt,T
, u ∈ L2([t, T ]). µ	 h½  a¸
eBfhk#²vwi·t~i
~uhkju-s©~H³Ls0fhkH
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~vhfhkt:r0z¤uhtkBz¤s¿w~?ktr8uh~sÌt~u-s%Hz¤u
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
DvS
x
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
DwS
x
t,T
Hy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I1(u)
DuS
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x
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)
 #î   
 	

	! "#$	%&(')+*,	 -.0/	1$2,0 E 
+
1
2
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b2T (S
x
t,T )
DvSxt,T
I1(v) − 2bT (Sxt,T )b′T (Sxt,T ) +
b2T (S
x
t,T )D
2
vS
x
t,T
|DvSxt,T |2
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I1(w)
DwSxt,T
+
D2wS
x
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b2T (S
x
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DwSxt,T DvS
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DwDvS
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2
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x
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x
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x
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I1(v) +
D2vS
x
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x
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x
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x
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Λt,T (u, v, w) ∈ L2(Ω)
 +,  #
φ : R → R  &C	  / 
 0	+
 	     
ThetaT =
e−
R T
t
rsdsE
[
Λt,T (u, v, w)φ(S
x
t,T ) + λ
∫ +∞
−∞
(φ(Sxt,T + zcT (S
x
t,T )) − φ(Sxt,T ))ν(dz)
]
.
 2G m(r0z¤uw1µ´[½í¸¿HuhÇµ	 h½  a¸#§©kkjs8³´~y
u ∈ L2([t, T ]) Huh φ  gT
-rv 4·jz|kju-s0¥¤qr0iO~?~s0f D
E
[
φ′(Sxt,T )gT (S
x
t,T )
]
= E
[
gT (S
x
t,T )
DuSxt,T
Duφ(S
x
t,T )
]
= E
[〈
Dφ(Sxt,T ),
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x
t,T )
DuSxt,T
u
)]
= E
[
φ(Sxt,T )
(
gT (S
x
t,T )
DuS
x
t,T
I1(u) − Du
(
gT (S
x
t,T )
DuS
x
t,T
))]
= E
[
φ(Sxt,T )
(
gT (S
x
t,T )
DuS
x
t,T
I1(u) − g′T (Sxt,T ) +
gT (S
x
t,T )D
2
uS
x
t,T
|DuSxt,T |2
)]
.
A z¤s0f
gT (·) = aT (·)
§¨k~ws%Hz¤u
E
[
φ′(Sxt,T )aT (S
x
t,T )
]
= E
[
φ(Sxt,T )
(
aT (S
x
t,T )
DuSxt,T
I1(u) − a′T (Sxt,T ) +
aT (S
x
t,T )D
2
uS
x
t,T
|DuSxt,T |2
)]
,
µ	 h½í¸
îî ëHJILK±õLM
E       0	% ?	,  	
 5/ L	  5
§fwz¤¥|k
gT (·) = b2T (·)
q?z|kj¥|wr
E
[
φ′′(Sxt,T )b
2
T (S
x
t,T )
]
= E
[
φ′(Sxt,T )Γt,T (v)
]
,
§fhkjyk
Γt,T (v) =
b2T (S
x
t,T )
DvS
x
t,T
I1(v) − 2bT (Sxt,T )b′T (Sxt,T ) +
b2T (S
x
t,T )D
2
vS
x
t,T
|DvSxt,T |2
.
Ê©q¶r0z¤iz¤¥dHy@Hy0RvwiOkjuas§¨kkjs
E
[
φ′′(Sxt,s)b
2
s(S
x
t,s)
]
= E
[
φ′(Sxt,T )Γt,T (v)
]
= E
[
Γt,T (v)
Dwφ(S
x
t,T )
Dw(Sxt,T )
]
= E
[
φ(Sxt,T )δ
(
w
Γt,T (v)
DwSxt,T
)]
= E
[
φ(Sxt,T )
(
Γt,T (v)
DwSxt,T
I1(w) − Dw
(
Γt,T (v)
DwSxt,T
))]
= E
[
φ(Sxt,T )
(
Γt,T (v)
DwSxt,T
(
I1(w) +
D2wS
x
t,T
DwSxt,T
)
−
2b′T (S
x
t,T )bT (S
x
t,T )
DvSxt,T
(
I1(v) +
D2vS
x
t,T
DvSxt,T
)
+
b2T (S
x
t,T )
DwSxt,T DvS
x
t,T
(
I1(v)DwDvS
x
t,T
DvSxt,T
− 〈v, w〉 −
DwD
2
vS
x
t,T
DvSxt,T
+
2DwDvS
x
t,T D
2
vS
x
t,T
|DvSxt,T |2
)
+2b′T (S
x
t,T )
2 + 2b′′T (S
x
t,T )bT (S
x
t,T )
)]
.
pavwiiz¤uwÄµ	 h½í¸©§z¤s0fs0fhkH
~ ¦kykj¥dHs0z|~uHuh¶vhr0z¤uwµ	 h½í¸©§¨k+~ws%Hz¤u
Λt,T (u, v, w) = −a′T (Sxt,T ) − rT + aT (Sxt,T )
(
I1(u)
DuSxt,T
+
D2uS
x
t,T
|DuSxt,T |2
)
+
1
2
(
Γt,T (v)
(
I1(w)
DwSxt,T
+
D2wS
x
t,T
|DwSxt,T |2
)
−
2b′T (S
x
t,T )bT (S
x
t,T )
DvSxt,T
(
I1(v) +
D2vS
x
t,T
DvSxt,T
)
+
b2T (S
x
t,T )
DwSxt,T DvS
x
t,T
(
I1(v)
DwDvS
x
t,T
DvSxt,T
− 〈v, w〉 −
DwD
2
vS
x
t,T
DvSxt,T
+
2DwDvS
x
t,T D
2
vS
x
t,T
|DvSxt,T |2
))
+b′T (S
x
t,T )
2 + b′′T (S
x
t,T )bT (S
x
t,T ).
ADk7t~uhj¥¤vhwk+s0fhk7wy~?~H³#aq¯Hwwy~ °?z¤i·Hs0z|~u~H³
φ
-q C2b
³\vwuhjs0z|~uhr ½

 #î   
 	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¾us0fhk7s0z¤iOk+fh~iO~kjuhkt~vhr< rkR3wkjuh~s0z¤uw
Sx0,τ
-q
Sxτ
Huh
Λ0,τ (u, v, w)
-q
Λτ (u, v, w)§©k7f3t¦k
C(x, t, T ) = e−(T−t)rE
[
φ(ST )
∣
∣
∣St = x
]
= e−τrE [φ(Sxτ )] ,
§z¤s0f
τ = T − t hHuh
ThetaT = −Thetat
= e−τrE
[(
Λτ (u, v, w)φ(S
x
τ ) + λ
∫ +∞
−∞
(φ(Sxτ + c(S
x
τ )y) − φ(Sxτ ))ν(dy)
)]
,
§fhkjyk
u, v, w ∈ L2([0, τ ]) HykOr0vh%fDs0f3Hs DuSxτ

DvS
x
τ

DwS
x
τ
Hyk·[½Ãr ½uh~u[«ÝÀ kjy~Huh
Λτ (u, v, w) ∈ L2(Ω)
½Ìh~yt~uhr0s%Huas
r

σ
Huh
η
hzÝ½ÃkR½z¤us0fhk7¥¤z¤uhk Hy rkR[§©k7f3t¦k











a(y) = (r − λη)y,
b(y) = σy,
c(y) = ηy,
HuhÅµ´[½=<R¸©qaz|kj¥|wr
DuS
x
τ = σ
∫ τ
0
usdsS
x
τ ,
fhkjuhtk
D2vS
x
τ /|DvSxτ |2 = 1/Sτ
Huh¯§¨k7kjs
Λτ (u, v, w) = −r +
r̂
σ
I1(u)
∫ τ
0 usds
− σ
2
I1(w)
∫ τ
0 wsds
+
I2(v ◦ w)
2
∫ τ
0 vsds
∫ τ
0 wsds
,
§fhkjyk
r̂ = r − λη ½ÌeBfhkjs%z|rs0fhkjuÇRz¤¦kju-q
Theta = e−rτE
[
Λτ (u, v, w)φ(S
x
τ ) + λ
∫ +∞
−∞
(φ(Sxτ (1 + ηy)) − φ(Sxτ ))ν(dy)
]
,
zÝ½ÃkR½z¤uÇs0fhk7iO~awkj¥W~H³"µ´[½í¸B§¨k7f3 ¦k
Theta = e−rτE
[
Λτ (u, v, w)φ(S
x
τ ) +
d
∑
k=1
λk(φ(S
x
τ (1 + ηak)) − φ(Sxτ ))
]
,
HuhÆz®³
(Xt)t∈R+
z|r(1r0s%HuhhHy}#~z|rr~uwy~atktrr(§z¤s0fz¤u-skjuhr0z¤s¾q
λ
Huh·ªvwir0z¤À k
a
§¨k
kjs
Theta = e−rτ E [Λτ (u, v, w)φ(S
x
τ ) + λ(φ((1 + aη)S
x
τ ) − φ(Sxτ ))] .
îî ëHJILK±õLM
E      0	% ?	,  	
 5/ L	  5
¬³
(Xt)t∈R+
f3r@z¤u :huwz¤skj¥¤q¶i·Hu-q²vwihr(~uÇ
~vwuhwkts0z¤iOkz¤uaskjy0¦H¥|r¹3zÝ½ÃkR½Bz®³
µ(R) = ∞ s0fhkju
(St)t∈R+
z|rRz¤¦kjuaq



dSt = at(St)dt + bt(St)dWt + ct(St−)dX̃t,
S0 = x,
§fhkjyk
(X̃t)t∈R+
z|r+s0fhk1t~iLkjuhr%Hskt wvwyk+ªvwiÅi·Hy0s0z¤uw-H¥|k¶rr~?jzdHsktDs~
(Xt)t∈R+
½
¾u¶s0fwz|r rk7¾s@wÂÃrB³´~y0i+vw¥dOyk wr
φ(St) = φ(Ss) +
∫ t
s
φ′(Su)au(Su)du +
∫ t
s
φ′(Su)bu(Su)dWu +
∫ t
s
φ′(Su)bu(Su)dX̃u
+
1
2
∫ t
s
φ′′(Su)b
2(Su)du +
∑
s<u≤t
(
φ(Su− + cu(Su−)∆Xu) − φ(Su−) − cu(Su−)∆Xuφ′(Su−)
)
,
0 ≤ s ≤ t [s~Oqaz|kj¥|
E[φ(St)] = E[φ(Ss)] + E
[∫ t
s
φ′(Su)au(Su)du
]
+
1
2
E
[∫ t
s
φ′′(Su)b
2
u(Su)du
]
+λE
[∫ t
s
∫ +∞
−∞
(φ(Su + zcu(Su)) − φ(Su) − zcu(Su)φ′(Su))ν(dz)du
]
.
(~ §©kj¦kjy Ìz¤u¼s0fwz|r rk1s0fhk:¥dr0st~iL~uhkjuasz¤u
φ′(Su)
 Hu uh~s
k:z|r~¥dHsktºHuh wk H¥¤s
§z¤s0fÇ-q:z¤u-skjRy%Hs0z|~u-q:3Hy0sr ½
   +	`		  
A8)
Ê©qÆs0fhkyktr0vw¥¤sr7~H³¨s0fhkwykttkt[z¤uwÇr%ktjs0z|~uWWs0fhk)¦H¥¤vhk~H³BeBfhkjs%¯z¤us0fhkkt~iOkjs0y0z|iO~?wkj¥
µ´[½í¸Bz|rRz¤¦kju-q
Theta = e−rτE
[
φ(Sxτ )Λ(u, v, w) + λ
∫ +∞
−∞
(φ(Sxτ + ηS
x
τ y) − φ(Sxτ ))ν(dy)
]
.
µ´[½FE¹¸
3~y@Hu-q
u ∈ L2([0, τ ]) rvhfs0f3Hs ∫ τ0 usds 6= 0
w¥|kjs0s0z¤uw
ũt =
ut
∫ τ
0 usds
, t ∈ [0, τ ],
 #î   
 	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s0fhk<§©kjz¤Rf-s
Λτ (u, v, w)
z|rk±°[wyktrrktÇr
Λτ (u, v, w) = −r +
r̂
σ
I1(ũ) −
σ
2
I1(w̃) +
1
2
I2(ṽ ◦ w̃).
Î@vwy:~H¥(z|r·uh~¹§s~ :huh³Jvwuhjs0z|~uhr
u, v, w
§fwz|%f iz¤uwz¤iz¤À k
Var[Λτ (u, v, w)]
z¤u s0fwz|r
r%kjs0s0z¤uwh½
   ÕÌÕ T Õ  
 ! (	%   
Var[Λτ (u, v, w)]
	 /. 	  G, #+J* ?G 
J*
/#  L+
 	"/
u, v, w
 %  #L
us = c1

vs = c2

ws = c3

s ∈ [0, τ ]  +, 	 /	  #
 
inf
u,v,w
Var[Λτ (u, v, w)] = Var[Λopt] =
1
2τ2
+
1
σ2τ
∣
∣
∣
∣
r̂ − σ
2
2
∣
∣
∣
∣
2
,
  "G r̂ = r − λη   	%% 
Λopt = −r +
Wτ
στ
(
r̂ − σ
2
2
)
+
1
2τ
(
W 2τ
τ
− 1
)
.
µ´[½í¸
 2Gkt H¥¤¥Ïs0f3Hss0fhk  BHvhfaq-«ªp?%f-§©Hy0Àz¤uhkt{av3H¥¤z¤s¬q¯q?z|kj¥|wr
‖ũ‖2 ≥ 1
τ
,
µ´[½í¸
§z¤s0fÆkt{-v3H¥¤z¤s¾q:z®³ÌHuh¶~uw¥¤q¯z®³
ũt = 1/τ

t ∈ [0, τ ] ½
B kjs
F (u, v, w) = Var[Λτ (u, v, w)]
=
r̂2
σ2
‖ũ‖2 − r̂〈ũ, w̃〉 + σ
2
4
‖w̃‖2 + 1
4
‖ṽ‖2‖w̃‖2 + 1
4
〈ṽ, w̃〉2
=
1
σ2
∥
∥
∥
∥
r̂ũ − σ
2
2
w̃
∥
∥
∥
∥
2
+
1
4
‖ṽ‖2‖w̃‖2 + 1
4
〈ṽ, w̃〉2.
eBfhk+~ws0z¤i·H¥W¦H¥¤vhk+~H³
(u, v, w)
r~¥¤¦ktr



















d
dε
F (u + εh, v, w)|ε=0 = 0
d
dε
F (u, v + εh,w)|ε=0 = 0
d
dε
F (u, v, w + εh)|ε=0 = 0,
µ´[½  a¸
îî ëHJILK±õLM
E      0	% ?	,  	
 5/ L	  5
³´~yH¥¤¥
h ∈ L2([0, τ ]) zÝ½ÃkR½
2r̂2
σ2
(
〈h, ũ〉 − ‖ũ‖2
∫ τ
0
hsds
)
− r̂
(
〈h, w̃〉 − 〈ũ, w̃〉
∫ τ
0
hsds
)
= 0,
1
2
‖w̃‖2
(
〈h, ṽ〉 − ‖ṽ‖2
∫ τ
0
hsds
)
+
1
2
(
〈ṽ, w̃〉〈h, w̃〉 − 〈ṽ, w̃〉2
∫ τ
0
hsds
)
= 0,
Huh
σ2
2
(
〈h, w̃〉 − ‖w̃‖2
∫ τ
0
hsds
)
+
1
2
‖ṽ‖2
(
〈h, w̃〉 − ‖w̃‖2
∫ τ
0
hsds
)
+
1
2
(
〈ṽ, w̃〉〈h, ṽ〉 − 〈ṽ, w̃〉2
∫ τ
0
hsds
)
− r̂
(
〈h, ũ〉 − 〈ũ, w̃〉
∫ τ
0
hsds
)
= 0.
 ¨¥|k Hy0¥¤q³\~y¶H¥¤¥
c1, c2, c3 6= 0
s0fhkt~uhr0s%Huas1³\vwuhjs0z|~uhr
us = c1

vs = c2

ws = c3

s ∈ [0, τ ] wHykr%~¥¤vws0z|~uhr¿~H³Ïs0fwz|rÌwy~w¥|kji½ B kjs¿vhr¿rfh~ §s0f3Hs¿s0fwz|r¨r~¥¤vws0z|~u1z|r8vwuwz|{avhkR½8h~yH¥¤¥
h ∈ L2([0, τ ]) r0vh%fs0f3Hs ∫ τ0 hsds = 0
hkt{av3Hs0z|~uÅµ´[½  a¸©q?z|kj¥|wr















2r̂2
σ2
〈h, ũ〉 − r̂〈h, w̃〉 = 0
‖w̃‖2〈h, ṽ〉 + 〈ṽ, w̃〉〈h, w̃〉 = 0
σ2〈h, w̃〉 + ‖ṽ‖2〈h, w̃〉 + 〈ṽ, w̃〉〈h, ṽ〉 − 2r̂〈h, ũ〉 = 0.
¬³Dr~¥¤vws0z|~u
(ũ, ṽ, w̃)
[z®­
kjykjuasO³\y~i
(1/τ, 1/τ, 1/τ)
k±°?z|r0sr¹¿s0fhkju ~uhkÇ Hu :huh
h ∈
L2([0, τ ])
r0vh%f s0f3Hs ∫ τ
0 hsds = 0
Huh
(〈h, ũ〉, 〈h, ṽ〉, 〈h, w̃〉) 6= (0, 0, 0) 7fhkjuhtks0fhkwkjskjy0iz¤u3Huas
‖ṽ‖2‖w̃‖2 − |〈ṽ, w̃〉|2 = 0 µ´[½í¸
~H³s0fhkH
~ ¦k¥¤z¤uhk Hy@r0q?rskji ¦Huwz|r0fhktr¹½8wy~i µ´[½í¸Huh µ´[½í¸B§¨k7kjs
F (u, v, w) =
1
σ2
∥
∥
∥
∥
r̂ũ − σ
2
2
w̃
∥
∥
∥
∥
2
+
1
4
‖ṽ‖2‖w̃‖2 + 1
4
|〈ṽ, w̃〉|2
=
1
σ2
∥
∥
∥
∥
r̂ũ − σ
2
2
w̃
∥
∥
∥
∥
2
+
1
2
‖ṽ‖2‖w̃‖2
≥ 1
τσ2
∣
∣
∣
∣
∫ τ
0
(
r̂ũs −
σ2
2
w̃s
)
ds
∣
∣
∣
∣
2
+
1
2τ2
 #î   
 	

	! "#$	%&(')+*,	 -.0/	1$2,0 E 
=
1
τσ2
∣
∣
∣
∣
r̂ − σ
2
2
∣
∣
∣
∣
2
+
1
2τ2
,
§fwz|%fÆz|rRyk Hskjy@s0f3Hus0fhk+~ws0z¤i·H¥#¦RH¥¤vhk7³´~vwuh§fhkju
ũ

ṽ

w̃
Hyk+t~uhr0s%Huas³\vwuhjs0z|~uhr ½
n~ykt~ ¦kjy kt{-v3H¥¤z¤s¾q¶~atjvwyr~uw¥¤q:§fhkju ‖ṽ‖2 = 1/τ  ‖w̃‖2 = 1/τ Huh
∥
∥
∥
∥
r̂ũ − σ
2
2
w̃
∥
∥
∥
∥
2
=
1
τ
∣
∣
∣
∣
r̂ − σ
2
2
∣
∣
∣
∣
2
,
zÝ½ÃkR½§fhkju
r̂ũ − σ22 w̃

ṽ

w̃
Hyk7t~uhrs%Hu-s w§fwz|%fz¤iw¥¤z|ktrs0f3Hs
ũ
z|rH¥|r~t~uhrs%Hu-s hk±°wtkjws
§fhkju
r̂ = 0
[z¤u§fwz|%fÇ rk7uh~t~uhrs0y%Hz¤u-sz|rz¤iL~RrktÇ~u
u
½
ADk)uh~¹§ uhktkts~1wy~¹¦ks0f3Hs7s0fwz|r7r~¥¤vws0z|~uDt~y0yktr0
~uhwr<s~¯s0fhk)R¥|~3H¥8iz¤uwz¤i+vwi ~H³
F
½
paz¤uhtk
F (u, v, w) ≥ 0 Ls0fhk+z¤u :hi"vwik±°[z|r0sr<HuhÇ§©kwk±uh~sk)z¤s@-q l ½(Ê¨qt~uas0z¤u-vwz¤s¾q~H³ F~u
L2([0, τ ])3
s0fhkjykk±°[z|r0srkt{avhkjuhtk
(un, vn, wn)n∈N
r0vh%fs0f3Hs
l = lim
n→∞
E[Λτ (un, vn, wn)
2].
ADkÄ Hu rr0vwiOks0f3Hs
(un, vn, wn)
z|r¶
~vwuhwkt Dºz®³)uh~s (ykjw¥dtkÄz¤sÇ-q s0fhkÄL~vwuhwkt
r%kt{-vhkjuhtk
(
un
‖un‖
,
vn
‖vn‖
,
wn
‖wn‖
)
n∈N
,
~u§fwz|%f
F
s%HËktrs0fhkBr%HiOk©¦RH¥¤vhktrÌr#~u
(un, vn, wn)n∈N
½m@uhwkjys0fwz|rf-q?L~s0fhktr0z|r¹s0fhkjyk
k±°[z|r0sr©r0vw[«¬rkt{avhkjuhtk
(unk , vnk , wnk)k∈N
t~u-¦kjy0Rz¤uw§©k HËa¥¤qs~
(u, v, w)
z¤u
L2([0, τ ])3
½
ADk<f3 ¦k
E[Λτ (u, v, w)Λτ (unk , vnk , wnk)]
= r̂2 +
r̂2
σ2
〈ũ, ũnk〉 −
r̂
2
〈ũ, w̃nk〉 −
r̂
2
〈ũnk , w̃〉 +
σ2
4
〈w̃, w̃nk〉
+
1
4
〈ũ, ũnk〉〈w̃, w̃nk〉 +
1
4
〈ũ, w̃nk〉〈w̃, ũnk〉,
Huh-q:§¨k HË¶t~u-¦kjy0kjuhtk)~H³
(unk , vnk , wnk)k∈N
s~
(u, v, w)
§¨k7kjs
lim
n→∞
E[Λτ (u, v, w)Λτ (unk , vnk , wnk)] = E[|Λτ (u, v, w)|2].
n~ykt~ ¦kjy 
0 ≥ l − E[|Λτ (u, v, w)|2]
îî ëHJILK±õLM
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= lim
n→∞
E[Λτ (unk , vnk , wnk)
2] − E[|Λτ (u, v, w)|2]
≥ lim
n→∞
E[|Λτ (u, v, w) − Λτ (unk , vnk , wnk)|2]
+2E[Λτ (u, v, w)Λτ (unk , vnk , wnk)] − 2E[|Λτ (u, v, w)|2]
≥ lim
n→∞
E[(Λτ (u, v, w) − Λτ (unk , vnk , wnk))2]
+2 lim
n→∞
E[Λτ (u, v, w)Λτ (unk , vnk , wnk)]
−2E[|Λτ (u, v, w)|2]
≥ lim
n→∞
E[(Λτ (u, v, w) − Λτ (unk , vnk , wnk))2]
≥ 0,
fhkjuhtk
limn→∞ Λτ (unk , vnk , wnk) = Λτ (u, v, w)
z¤u
L2(Ω)
Huh
l = E[|Λτ (u, v, w)|2].
eBfavhrs0fhk<R¥|~3H¥iz¤uwz¤i+vwi z|r@Hs0s%Hz¤uhkt¯³\~y
ũ = ṽ = w̃ = 1/τ
½

l(~skDs0f3Hs
infu,v,w∈L2([0,τ ]) Var[Λτ (u, v, w)]
z|rÇiz¤uwz¤i·H¥z¤u skjy0iOr~H³
σ
Huh
r
§fhkju
(Sxt )t∈R+
z|rHuk±°?
~uhkju-s0zdH¥#Ê©y~ §uwzdHuÇiO~s0z|~uWhzÝ½ÃkR½
r̂ = σ2/2
½Ì¬u¶s0fwz|r rk<§¨k+f3t¦k
inf
u,v,w∈L2([0,τ ])
Var[Λτ (u, v, w)] =
1
2τ2
.
   23	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 ©~uhrz|wkjys0fhk7wy0z|tk7wy~?tktrr
(St)t∈R+
Rz¤¦kjuÇ-q



dSxt = a(S
x
t )dt + b(S
x
t )dWt + ηS
x
t−dXt,
Sx0 = x,
zÝ½ÃkR½§©k¥|kjs
ct(z) = ηz
½Ìkt H¥¤¥ s0f3Hs h±³²½.;FEE>¬hs0fhk<wy0z|tk
C(x, y, t, T ) = e−(T−t)rE
[
(
1
T
∫ T
0
Sxudu − K
)+
∣
∣
∣Ft
]
Hss0z¤iOk
t
~H³ÌHuÇ@rzdHu~ws0z|~u§z¤s0fwy0z|tk7wy~?tktrr
(Sxt )t∈R+
 HuLk7k±°[wyktrrktr
C(x, y, t, T ) = xe−(T−t)rE
[
(
y +
1
T
∫ T
t
S1s−tds
)+
]
µ´[½FE¹¸
 #î   
 	

	! "#$	%&(')+*,	 -.0/	1$2,0  E
Huh
x = St
Huh
y =
1
x
(
1
T
∫ t
0
Sudu − K
)
.
(rBz¤us0fhkr%kjs0s0z¤uwO~H³»8vwy~
k HuÆ~ws0z|~uhr¹w§¨k7i· q¶t~uhr0z|wkjy
Thetat =
∂C
∂t
(x, y, t, T )
Huh
ThetaT =
∂C
∂T
(x, y, t, T ),
§fwz|%f!fh~ §©kj¦kjy1[z®­Ïkjy³Jy~ik %f~s0fhkjyOz¤uºkjuhkjy%H¥Ý¨z¤uhj¥¤vh[z¤uw §fhkju
(St)t∈R+
z|rs0z¤iOk
fh~iO~kjuhkt~vhr¹½Ì@kjykR
Thetat
 Hu1Lkt~iwvwsktO³\y~i.s0fhkÊ©¥d%Ë-«ªp?%fh~¥|ktr©}¿Á(»Å³´~y¿(r0zdHu
~ws0z|~uhrz¤uÇ(²vwi[«¬[z®­Lvhr0z|~uÇiO~awkj¥Ýw±³0½Ì}8y~
~Rr0z¤s0z|~uÆ~H³.;FE#>¬hr
Thetat = rC(x, y, t, T ) +
(
1
T
− a(y)
)
∂C
∂y
(x, y, t, T ) − 1
2
b2(y)
∂2C
∂y2
(x, y, t, T )
−(1 + η)λ
∫ +∞
−∞
(
C
(
x,
yz
1 + η
, t, T
)
− C(x, y, t, T )
)
ν(dz).
¾u¯s0fhk<rkjs0s0z¤uwO~H³#(r0zdHu¶~ws0z|~uhr w~vwyiOkjs0fh~?Hww¥¤z|ktrL~s0f¯s~
Thetat
Huh
ThetaT
Huh
w~?ktruh~sykt{avwz¤yks0fhk:hyr0s@Huhrktt~uhÆwkjy0z¤¦Hs0z¤¦ktr ∂C
∂y
Huh ∂2C
∂y2
½¿¾sH¥|r~Ow~?ktruh~svhrk
¾s@ H¥|jvw¥¤vhr ½
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u ∈ L2([0, τ ]) /L"
 % 
∫ τ
0 DuS
x
s ds 6= 0
  5/  
s ∈ [0, τ ]   #
Λ(u) = −r − DuS
x
τ
∫ τ
0 DuS
x
s ds
+
Sxτ −
∫ τ
0 S
x
s ds/T
∫ τ
0 DuS
x
s ds
(
I1(u) +
∫ τ
0 D
2
uS
x
s ds
∫ τ
0 DuS
x
s ds
)
,
+, / /L % 
Λ(u) ∈ L2(Ω)       
ThetaT = xe
−(T−t)r
E
[
Λ(u)
(
y +
1
T
∫ τ
0
S1sds
)+
]
.
 2G @kjw¥djz¤uw
x 7→ (x − K)+ z¤u µ´[½FE¹¸-q φ  C1b
³\vwuhjs0z|~uÅ§©k1wk:huhk1s0fhk1s0z¤iOk
wkjy0z¤¦RHs0z¤¦k
eBfhkjs% φ
T =
∂C
∂T
(x, y, t, T )
= xe−(T−t)rE
[
−rφ
(
y +
1
T
∫ T
t
S1s−tds
)
+
(
S1T−t
T
− 1
T 2
∫ T
t
S1s−tds
)
φ′
(
y +
1
T
∫ T
t
S1s−tds
)
]
.
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m(r0z¤uwÆµ´[½í¸B§¨k7f3 ¦kD
ThetaφT = −rxe−(T−t)rE
[
φ
(
y +
1
T
∫ τ
0
S1sds
)]
+xe−(T−t)rE
[
(
S1τ −
1
T
∫ τ
0
S1sds
)
Duφ
(
y +
∫ τ
0 S
1
sds/T
)
Du
∫ τ
0 S
1
sds
]
= −rxe−(T−t)rE
[
φ
(
y +
1
T
∫ τ
0
S1sds
)]
+xe−(T−t)rE
[〈
Dφ
(
y +
1
T
∫ τ
0
S1sds
)
,
S1τ −
∫ τ
0 S
1
sds/T
∫ τ
0 DuS
1
sds
u
〉]
= −rxe−(T−t)rE
[
φ
(
y +
1
T
∫ τ
0
S1sds
)]
+xe−(T−t)rE
[
φ
(
y +
1
T
∫ τ
0
S1sds
)
δ
(
S1τ −
∫ τ
0 S
1
sds/T
∫ τ
0 DuS
1
sds
u
)]
= xe−(T−t)rE
[
φ
(
y +
1
T
∫ τ
0
S1sds
)(
−r − DuS
1
τ
∫ τ
0 DuS
1
sds
+
S1τ −
∫ τ
0 S
1
sds/T
∫ τ
0 DuS
1
sds
(
I1(u) +
∫ τ
0 D
2
uS
1
sds
∫ τ
0 DuS
1
sds
))]
= xe−(T−t)rE
[
Λ(u)φ
(
y +
1
T
∫ τ
0
S1sds
)]
.
¾s(ykji·Hz¤uhr7s~¶Hwwy~t°[z¤i·Hsk
x 7→ (x − K)+ -qÄ:rkt{avhkjuhtk (φn)n∈N ~H³ C1b
³Jvwuhjs0z|~uhr ½

Thetat
 Hu
k7t~iwvwsktz¤uÇr0z¤iz¤¥dHy§Btq:³\y~i
C(x, y, t, T ) = xe−(T−t)rE
[
(
y +
1
T
∫ T−t
0
S1sds
)+
]
,
Huh
eBfhkjs% φ
t = xe
−(T−t)r
E
[
rφ
(
y +
1
T
∫ T−t
0
S1t−sds
)
+
S1T−t
T
φ′
(
y +
1
T
∫ T−t
0
S1sds
)
]
,
§fwz|%fq?z|kj¥|wr@Z³\skjyz¤u-skjRy%Hs0z|~u-q:3Hy0sr2D
eBfhkjs%
t = xe
−(T−t)r
E
[
Λ̃(u)
(
y +
1
T
∫ T−t
0
S1t−sds
)+
]
,
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Λ̃(u) = r − DuS
x
τ
∫ τ
0 DuS
x
s ds
+
Sxτ
∫ τ
0 DuS
x
s ds
(
I1(u) +
∫ τ
0 D
2
uS
x
s ds
∫ τ
0 DuS
x
s ds
)
.
¾u¶s0fhk<kt~iOkjs0y0z|iO~?wkj¥¨µ´[½í¸©§©k7f3t¦k
Λ(u) = −r −
∫ τ
0 usdsS
x
τ
∫ τ
0
∫ s
0 updpS
x
s ds
+
Sxτ −
∫ τ
0 S
x
s ds/T
σ
∫ τ
0
∫ s
0 updpS
x
s ds
(
I1(u) + σ
∫ τ
0
(∫ s
0 updp
)2
Sxs ds
∫ τ
0
∫ s
0 updpS
x
s ds
)
Huh
Λ̃(u) = r −
∫ τ
0 usdsS
x
τ
∫ τ
0
∫ s
0 updpS
x
s ds
+
Sxτ
σ
∫ τ
0
∫ s
0 updpS
x
s ds
(
I1(u) + σ
∫ τ
0
(∫ s
0 updp
)2
Sxs ds
∫ τ
0
∫ s
0 updpS
x
s ds
)
.
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¾u¶s0fwz|rrktjs0z|~uÇ§¨kt~uhr0z|wkjys0fhk7kt~iOkjs0y0z|+Ê©y~ §uwzdHuÆiO~awkj¥
{
dSs = rSsds + σSsdWs
St = x,
Huh Hww¥¤qºs0fhkÆnH¥¤¥¤zdt¦?z¤u ³\~y0i"vw¥d µ´[½FE¹¸O§z¤s0f
ũs = ṽs = w̃s = 1/τ

s ∈ [0, τ ] s~t~iwvwsk
ThetaT = −Thetat
³´~y»8vwy~
k HuÆs¾qa
k~ws0z|~uhr§z¤s0fÇuh~u[«¬r0iO~?~s0f3tq~H­Ä³\vwuhjs0z|~uhr ½©h~y0i+vw¥dµ	 h½FE¹¸©z|rvhrkt
³´~y :huwz¤sk[z®­Ïkjykjuhtktr@Hwwy~ °?z¤i·Hs0z|~uhr ½
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¾u rk
φ =


[K,+∞)
[s0fhk7¦RH¥¤vhk7~H³eBfhkjs%· Hu¶Lk7t~iwvwsktHu3H¥¤qas0z| H¥¤¥¤qr
Theta = e−rτ

e−
a2
2τ
( r
σ
− σ
2
+
a
2τ
√
2πτ
)
− r
∫ ∞
a√
τ
e−
y2
2
√
2π
dy

,
§z¤s0f
a = (ln(K/x) − rτ)/σ h±³0½8kR½ h½(;í >¬[§fwz|%fÇq?z|kj¥|wrs0fhk<³´~¥¤¥|~ §z¤uw·Ry%Hwf D
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t
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K
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Number of trials=2e+04
Integration by parts
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Huh
K
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¾u rk
φ(x) = (x − K)+ weBfhkjs% HuÇLk7t~iwvwsktr
Theta =
xσ
2
√
2πτ
e−c
2/2 + Kre−rτN(c − σ
√
τ),
§fhkjyk
c =
(
σ − aτ
)√
τ
Huh
N(x) =
∫ x
−∞ e
− y
2
2
dy√
2π
@±³²½ kR½ h½ ;í >¬§fwz|f q?z|kj¥|wr¯s0fhk
³´~¥¤¥|~ §z¤uw·Ry%HwfW½
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Finite difference method
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Integration by parts
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Number of trials=2e+04
Localized Malliavin formula
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Localized Malliavin formula
  80  90  100  110  120  130  140  150  160
Strike K  0.5
 
 0.6 
 0.7
  0.8
 
 0.9
  1
Time t
 0
 5
 10
 15
 20
Theta value
T  
ER
x  
E R[
σ  
[½FE [
r  
[½íR[
ε  
[½íR E
#z¤Rvwyk+ D8eBfhkjs%Or"³\vwuhjs0z|~uÇ~H³
t
Huh
K
-q¯s0fhk<¥|~? H¥¤z¤À ktnH¥¤¥¤zd ¦az¤uÆiOkjs0fh~a
  8t
8"#82
 ñ ¨ûLß²ðíðöØ`ätû è´ÞöØ`ë¨Ú±ú¹ÜÝÞöÚ`ëHèwÞíë¨ØäØ%Û	±ßªÜhà¹ÛÝÞíìjßªë¿Ù
¿ØàZÞíè´ï²Ú±ëtÜÝÞíë çHÚ`çHè[ú¹ÛÝÚtï²ß²è´è²û¾étõ%ódõ¾ù LM2M¹é
ñGMMLM¹û
 õ Lû !Ïû"Lßªë ÜÝâ-é3×3û #¨û%$Ø`âHð¤é3Ø%ëà'&Bû (¨û)&ÌØ%ÛÝðíè´ß²ëaû+*#çHØ`è´ÞÏá(Ú`ëtÜÝßªýJ÷
Ø%ÛÝðíÚ"ßªì±Ø%ðöçHØ%ÜÝÞíÚ±ëÚ%þ è´ß²ëHè´ÞÃÜÝÞíì ÞíÜÝÞíß²è©Ú`þ
Ú±úZÜÝÞíÚ`ëHèWÞíë(ï²Ú`ääÚ àZÞÃÜ,Ø%ëà@ßªëHßªÛ	-(äØÛ	jßªÜÝè²û./10"23054768:9;<0)=?>@>AB0C¾é8 K¾ù K#I<2KK%ôZé?õ`ó`ó û
 (î¿û3÷LÚ`ëtÜØ`ëHàED[ûGF[Ø%ë8jÚìRûHIJA5KL9NM@AA PORQGI/I6TSUPKV>W>;:9NYX	XYX¬û¶÷LâØ%úHäØ`ëHZ[(Ø`ðíð]\±÷Lî ÷
[ÞöëHØ`ëZï²ÞöØ`ðwá<ØÜÝâHß²äØÜÝÞíï²è_^¹ßªÛÝÞíß²è²û÷LâØ%úHäØ`ë`Za(Ø%ðöð]\`÷Lî ÷éLÚtï0ØBîØ%ÜÝÚ`ëaé8w×3éõ`ó`ó`ôZû
 ô7á"û (¿û ¿û$8Ø0ì Þöè[Ø`ëà¨á"û D[ûb`Ú±âØ%ëHè´è´Ú`ëaûá<Ø`ðíðíÞæØ0ì Þíëá(Ú±ëtÜÝßW÷
ØÛÝðíÚdcÛÝß²ß< è?þÿÚ`ÛCe\çZäú¨à¹ÞgfçHè´ÞíÚ±ëZè²ûih/j9N6Xk
/lJnm?;:9NYX	XYXoML/I68Y;n=?>@>A J	/lJ98XÝéañ`ñN3\ñ¾ùíñ0ó ñYñ0õLM éwõ%ó±ó û
 I`p¨û$ß²ÙRß²ðíðíß©Ø`ëà ¨ûDhÛÝÞíì`Ø`çHðÃÜ0û^¹ß²ëZè´ÞíÜÝÞíì ÞÃÜ,¨Ø`ëHØ`ðg¹è´ÞíèLÚ`þi!hçZÛÝÚ`úRß0Ø`ë©Ú±úZÜÝÞíÚ`ëHè3Þöë_e\çHäú©àZÞgfçHè´ÞíÚ`ëBäÚ àZß²ðíè
ì¹ÞöØÌÜÝâHß¿á<Ø`ðíðíÞöØ0ì¹Þíë7ï0Ø%ðíï²çHðíçHèWÚ`ë`q¶Þíß²ëHß¾Ûè´úHØ`ï²ß`û?DwÛÝß²ú¹ÛÝÞöëtÜ0éHõ`ó`ó`ô¹û
  û8$#çHúHÞÃÛÝß±ûGDwÛÝÞíï²Þíë8-srWÞÃÜÝâ7Ø¨è´äÞöðíß±û5tuIX:v%éò3\ñN¾ùíñGK õ`ó é[ñGMLM`ôZû
 ò !Wû"ZÚ±çZÛÝëZÞíã±éGbZû á"û3×?Ø%è\Û:téGbZûh×aßªÙHçHï¬âHÚ`çZøé"D[û ×3ûh×-ÞíÚ±ëHè²éØ%ëà ¨û%F?Ú±çw²Þ¤û  úHúZðöÞíï0ØÜÝÞíÚ±ëHè¨Ú`þ#á<Ø`ðíðíÞöØ0ì¹Þíë
ï0Ø`ðíï²çZðöçZèÏÜÝÚá(Ú±ëtÜÝß¿÷
Ø%ÛÝðíÚäßªÜÝâZÚ àZèÏÞíëyxHëØ%ëHï²ß±ûIYMLh8/j9N63X	/lJXÝéi¤ô
¾ù LM¹ñYjôZñ0õ éwñGMLMM û
 K7á"û%&8Þ e\ÞíäØ¹ûzh/j9N6X	/lJs>;{9NYXXYXTQ"/I6EY>>A J	/lJ9XL/j9s|"Y¾û"÷LâHØ`úZäØ`ëzZ}(Ø%ðöð]\`÷Lî ÷é"LÚtï0Ø
î#ØÜÝÚ±ëaéw×héRõ%ó±ó û
 M<×3û V-±ç3tß²ë-û  úHúZðöÞíï0ØÜÝÞíÚ±ëàZç¨ï0Ø`ðíï²çZðà¹ßWá<Ø`ðíðíÞöØì ÞíëT~#ðöØVxëHØ`ëHïªß±ûRá<Ø%è\ÜÝßªÛN èÜÝâZß²è´Þíè²éjê#ëZÞíìjßªÛÝè´ÞÃÜÝãWàZßuDwØÛÝÞöè
¹é-ñGMMLM¹û
îî ëHJILK±õLM
R     0	% ?	,  	
 5/ L	  5
 ñ²ó`$©û #çHØ`ðöØ%Û´Ü0û 4768  AA JNGA U3A UPX`MRtuA /1:M 49Y>lX¬ûEDwÛÝÚ±ÙHØ`ÙZÞöðíÞÃÜ,1Ø%ëàOÞíÜÝè úHúZðíÞöï²Ø%ÜÝÞíÚ±ëZè²û
^¹úZÛÝÞíë-±ßªÛ´ýjp3ßªÛÝðöØ-Zé-ñGMLM#Itû
 ñ`ñ<×3û ÷û c¨ûaî Ú-`ßªÛÝèÌØ`ëHàwû7^ âHÞ¤ûF
âHß¨ì±Ø%ðöçZß©Ú%þÏØ`ë+Ø%è´ÞæØ%ë)Ú`úZÜÝÞíÚ±ë-ûy230%=5>@>AB0 m5;{9			0öé)jõP¤ô
¾ùíñ0ó±ò±òNHñ0óLKK¹é
ñGMMI û
 #î   
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
